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Why more conditions?
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The integral/ |Ri0j0 (t)| dt does not converge along the
geodesic

The integral/ | Roo(t)| dt diverges to infinity

Clarke, C.J.S. and A. Krdlak, Conditions for the occurrence of strong curvature singularities. J. Geom. Phys., 1985. 2(2): p. 127-143.



Jacobi tensors
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Jacobi Tensor along a timelike geodesic ¢ : [0,a) — M

J:T+M — T M,

V:ViJ + R(J, ) = 0.

Beem, J.K., P.E. Ehrlich, and K.L. Easley, Global Lorentzian Geometry. Vol. 202. 1996: Marcel Dekker, Inc.



< ANU | Divergence from a point

Geodesic divergence at p = c(tg),

1 d
O(to,t) =tr (J'ViJ) = 77 detJ
where,
J(tg) =0
Vid|, =1

Beem, J.K., P.E. Ehrlich, and K.L. Easley, Global Lorentzian Geometry. Vol. 202. 1996: Marcel Dekker, Inc.



< lllustration of divergence

Assuming the strong energy condition R(c’,¢’) > 0,
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M Point collapse condition

The point collapse condition of the singularity theorems
specifies that for the geodesic ¢ : [0,a) — M

there exists tg € [0, a) so that #(0,ty) = 0.




M Krolak strong curvature condition

The geodesic ¢ : [0,a) — M satisfies the Krolak condition if

forall x € [0,a) there exists t,, € [0,a)

so that 6(x,t;) = 0.




< | An important equation
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Given Jo we know that, forany y € (0, a),

H(y, t) 9(0, t) + f(O, Y, t) :
—— —_—

function of J, function of Jy

Beem, J.K., P.E. Ehrlich, and K.L. Easley, Global Lorentzian Geometry. Vol. 202. 1996: Marcel Dekker, Inc.



< New condition 1

0(x,t
0(y,
flz,y,t

SRR
S

)
)
)

+
Implicit function theorem.

f(z,y,1)
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ZANU New condition 1

The timelike geodesic ¢ : [0,a) — M satisfies the Krolak
condition if and only if there exists a unique continuously
differentiable function g : [0,a) — [0, a) that satisfies

d

G(b,9(b)) —g

9| + F(b,g(b)) =0

b

forall b € (0,a) and 6(0,g(0)) = 0.

G(y,t) < 0(0,t), f(0,y,t) < Jo
E(y,t) < f(0,y,1) < Jo



< New condition 2

O(x,1)
0(y,t)
f(z,y,t)

+
positivity of f(x,vy,1).

SRR
S

f(z,y,1)
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ANl New condition 2

The timelike geodesic ¢ : [0,a) — M satisfies the Krolak
condition if and only if for all b € (0, a) there exists
ty € (b, a) so that,

_9(07 tb) > f(oa ba tb)

and 6(0,ty) = 0 for some to € (0,a).



P Links to singularity theorems

For singularity theorems with point collapse conditions we can
see that,




< ANU| | What else is needed?

- Can the conditions be given for null geodesics?
- Can the conditions be given for surface collapse?

Jo(0) =1
thO‘O (v) = Vun

-How does (Jy Jo) (T) behave in the limit?
- Lack of metric extension equivalent to certain behaviour?
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[l The difference of divergences

Let z,y,t € [0,a) withx <y <t then f(z,y,t) may be
defined as

flz,y,t) =tr ((ijm)l (/yt (ijm)_l (T)d7> 1)

where J. is the Jacobi tensor with initial conditions
Jo(x) =0



Given Jo we know that, forany b € (0, a),

1

It = () 0)a®) [ (55 30) " (rhar
This gives us that,

6(b,t) = 0(0,t) + f(0,b,t).
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Links to singularity theorems

For singularity theorems with point collapse conditions we can
see that,

.there exists € > 0 sothat ¢ : |0,€) — [0,a) satisfies the
differential equation,

. there exists € > 0 so that forall b € (0, 6) there exists
ty € (b,a) sothat —0(0,t5) > f(0,b,tp) and
6(0,t9) = 0 for some tg € (0,a).



