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Lanthanide (Rare Earth) 3+ ground state: 5s2 5p6 4fN 5d0

5d

4f

5s 5p
4f orbitals are shielded from environment. 
Sharp lines, long lifetimes.
S=1/2, L=3 → 14 states, 4fN, N=1-14
Many transitions available for applications.
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“Dieke Diagram” 1960s 
Carnall, Goodman, 
Rajnak, Rana, 1988

4f:   S=1/2, L=3, → 14 states
4fN: N=1-14 

Eu3+, 4f6

3003 electronic states

20,000 cm-1

500 nm
2.5 eV
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Free ion    Crystal Field   Hyperfine/Magnetic

4f6



Modelling the 4fN structure of rare-earth doped crystals

𝐻𝐻𝐶𝐶𝐶𝐶 = �
𝑘𝑘,𝑞𝑞

𝐵𝐵𝑞𝑞𝑘𝑘𝐶𝐶𝑞𝑞
(𝑘𝑘)

Free Ion Crystal Field Zeeman Hyperfine

𝐻𝐻 = 𝐻𝐻𝐶𝐶𝐹𝐹 + 𝐻𝐻𝐶𝐶𝐶𝐶 + 𝐻𝐻𝑍𝑍 + 𝐻𝐻𝐻𝐻𝐶𝐶

C1 symmetry → 27 crystal-field parameters

Zeeman
𝐻𝐻𝑧𝑧 = µ𝑩𝑩 𝑩𝑩 • (𝑳𝑳 + 2𝑺𝑺)
Magnetic field can be
experimentally varied. 

Hyperfine
𝐻𝐻𝐻𝐻𝐶𝐶 = 𝐴𝐴 𝑵𝑵 • 𝐈𝐈 + Q HQ
A and Q are parameters

Eu3+ 7F0 and 5D0 : electronic effects are small so
Direct interaction of nucleus with magnetic field 
and lattice are important. 



Understanding the energy levels: 4fN

Coulomb Spin-orbit “Crystal-field”

-
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Parameter trends across the lanthanide series. 
C-K Duan and P A Tanner, J. Phys. Chem. A, 2010, 114, pp 6055–6062

F2

F4

F6

B4

B6

ζ

Ln3+ in Cs2NaLnCl6 – Cubic, only two CF Parameters

F4/F2

F6/F2
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Coulomb
Spin-orbit

Crystal-field



Angular momentum states and tensor operators

Rather than classifying 
states by eigenvalues 
and operators by 
commutators, it is 
helpful to classify both 
in terms of behaviour 
under rotations. 



Wigner-Eckart theorem

The easiest proof is to recall that operators transform as kets. We can therefore couple 
the operator and ket (up to a possible normalization):  

We can use orthogonality to obtain an expression for                         and derive the result.  

Selection rules:

3j symbol or Clebsch-Gordan coefficient x
“geometry”

Reduced matrix element
“physics”

Matrix element    = 



Spherical Harmonics and Spherical Tensors



Electric and Magnetic Dipoles

x y z

-

+



Crystal Field Potential

C2
1(r) - C2

-1(r) C2
2(r) + C2

-2(r) C2
0(r)

+

-
+

Note: Potential is real. 
Phases of parameters 
determine orientation, 
e.g. eiqφ



Coulomb interaction and crystal field: Addition theorem

Legendre Polynomials
orthogonal: -1..1

k         Pk

cos ω: -1..1

ω

r1

r2

r12



Addition Theorem - Example
Legendre Polynomials

orthogonal: -1..1
k         Pkz=+1

ω=π

r1

r2
r12=3

z=-2

cosω = cosπ = -1



Coulomb Interaction

ω

r1

r2

r12

-

-



Two-centre addition theorem:
Ligand polarization(dynamic coupling) and energy transfer

Energy transfer
In this case there is an interaction between f electrons on two ions.
Dipole-dipole is l=t=1, so we have 1/R3. Square gives 1/R6.
Exchange interaction gives a different distance dependence. 

rj Rk L
rjk

RL
Interaction between f electron and Ligand electron

f electron 
Ligand 
electron - -



Electrostatic Crystal Field

re

r12rL

z
-

-

C2
0(r)

+
-

+



“Crystal Field”

All increase energy of z orbital more than x,y

Orbital energies or Hamiltonian matrix ↔ crystal-field parameters

∑
k,q

Bq
k C q

( k )
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OverlapElectrostatic

- -
z x,y L

Covalency

Do the ``Ligand Field'' 
Parameters in Lanthanides 
Represent Weak Covalent 
Bonding?
C.K. Jorgensen, R. 
Pappalardo, H.H. Schmidtke
J. Chem. Phys. 1963

z

x,y

[Diagrams use p orbitals for simplicity.]



Do the ``Ligand Field'' Parameters in Lanthanides 
Represent Weak Covalent Bonding?
C.K. Jorgensen, R. Pappalardo, H.H. Schmidtke, J. Chem. Phys. 1963

Abstract: Instead of explaining the seven different f-orbital energies 
or five different d-orbital energies by parameters Anm〈rn〉 of the 
electrostatic ligand field model, we propose to classify the energy 
levels according to the actual one-electron energies and to interpret 
these quantities by the weak effects of σ antibonding on the partly 
filled shell. Calculations of the relative angular dependence of such 
effects are made in a simple model and compared with 
experimental data for nine- and eight-coordinated lanthanide 
compounds The agreement is judged to be much more satisfactory 
than when the electrostatic model is applied, and the number of 
freely chosen parameters is much smaller.

L

Covalency



Rotations and the Superposition Model

y

z

x

θR0

φ

Electrostatic model:

Rotate from Z and change 
the distance to build up CF 
in terms of single ligand CF:

Rotation matrix is related 
to the spherical tensors:



Relating ab-initio and crystal-field calculations 

• Modern quantum-chemistry calculations for rare-earth materials: 
• DFT calculation using VASP.
• 4f energies (without spin-orbit) using AIMP embedded cluster approach 
• [Seijo et al J. Chem. Phys. 114, 118 (2001).] 
• SA-CASSCF calculation using MOLCAS. 

• Use calculations for Ce3+ to estimate parameters for the series. 
• For high symmetry we can just fit the energy levels of the ab-initio calculation. 
• Not possible in low symmetries such as D2 (YAG), C1 (YSO)  
• Need to relate the matrices. 
• Project the Hamiltonian into the model space. 

(Hurtubise and Freed, Adv. Chem. Phys. 83, 465, 1993). 
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Relate Heff to full H
H V =      V E

x x x x
x x x x

x x x x

x x x x

x x x x
x x x x
x x x x
x x x x

x x x x
x x x x
x x x x
x x x x

x
x

x
x=

H =  V  E V-1

Heff
NH =  Vp Ep Vp

-1 (non-Hermitian)   [‘p’ is the small, ‘projected’ matrix]

Vk =  (Vp Vp+)-1/2 Vp (orthonormal)

Heff =  Vk Ep Vk
-1 (Hermitian)

Can Solve: Heff =  Σα PαTα for parameters Pα

25

Reid MF., Duan CK. and Zhou HW. (2009) Crystal-field parameters from ab initio 
calculations. Journal of Alloys and Compounds 488: 591-594.

Use a subset of energies and eigenvectors from ab-initio calculation: 



Example: LiYF4:Ce3+

(4f from Pr3+)

4f 1

5d1
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DFT calculation using VASP.
4f energies (without spin-orbit) using AIMP 
embedded cluster approach 
[Seijo et al J. Chem. Phys. 114, 118 (2001).] 
SA-CASSCF calculation using MOLCAS. 



Optical Materials, 47, 33 (2015)

Note use of magnetic splittings in crystal-field fit. We now expand on this idea.

Sebastian Horvath



z

y

x

rL

CF calculations with magnetic splittings

Consider the 4F3/2 multiplet of Nd3+. 
We only need B2

q in this case. 

E.g. Single ligand on Z, B2
0 = 500 cm-1

But there are many sets of parameters that would 
give the same splitting. 

We can use magnetic splittings to determine the 
orientation of the potential…

Potential

f orbitals:
C2

0(r)

+
-

+

75.6 cm-1

m=±3/2

m=±1/2



z

y

x

CF calculations with magnetic splittings
Single ligand on Z, B2

0 = 500 cm-1

Calculate magnetic splitting of upper state: B=4T 

Potential

C2
0(r)

+
-

+

75.6 cm-1

m=±3/2

m=±1/2

Magnetic Splitting



z

y

x

Change orientation!
Single ligand on X, B2

0 = -250 cm-1 B2
2 = +306 cm-1 

Calculate magnetic splitting of upper state: B=4T 

Potential

75.6 cm-1

m=mixture

m=mixture

Magnetic Splitting



Transition Intensities
• Electric Dipole, Magnetic Dipole, … 
• ED between 4fN and 4fN-15d can be calculated directly

• But require modelling of vibronic bands.  

• ED within 4fN are parity forbidden. 
• Construct Effective ED operator that accounts for mixing of 

configurations of opposite parity on ion or ligand. 
• First detailed treatment: Judd, Ofelt, 1962. 
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Effective Electric Dipole Operator

32

Standardish parametrization.  λ=2,4,6, t=λ±1, λ

Dipole strength 

Oscillator strength Einstein A coefficients  (1/τ)

If all denominators are the same then the 
sum over             is 1. Couple the operators: 

D V
β
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Simulation
nm

Burdick, et al. 
Phys. Rev. B: 50: 16309 (1994) 



Multiplet-Multiplet transitions
• Judd 1962

• For solutions and  glasses at room temperature. 
• Sum over all states in a multiplet and all polarizations. 
• Reduces to three-parameter linear fit. 
• Ωλparameters with λ=2,4,6
• 1000s of citations!
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Y2O3:Eu3+LaPO4:Ce3+,Tb3+

(Sr,Ca, Ba)5(PO4)3Cl:Eu2+

7F1

7F2

7F3
7F4

7F6

George Blasse
1934-2020



Quantum Information Applications?



30MHz/0.7T
τ ≈ 100μs

Modern NMR 
600MHz/14T

Spin Echo: Wikipedia

(N)MRI



Six-Hour Coherence: 151Eu3+

Rose Ahlefeldt, Matt Sellars, ANU, Australia.                           Manjin Zhong,  SUSTech, Shenzhen
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T2≈20 seconds

T2≈370 minutes

ZEro First Order Zeeman

(Note that recent work has re-
ordered the states relative to 
those shown on the left.)

I=5/2



Crystal-Field Calculation for 167Er3+:YSO Site 1 

• Use literature and new data for electronic energy levels, 
magnetic, and hyperfine splitting. 

• Directional magnetic data is crucial to fixing orientation of CF 
Hamiltonian for low-symmetry sites.

• Separately calculate:
• Electronic energy levels
• Magnetic splitting for various field orientations 
• Hyperfine splitting. 

• Data (Effectively 95 data points)
• 35 Electronic energies
• 12 Ground-state hyperfine levels
• 12 Zeeman rotation points
• Raman heterodyne hyperfine data (15 MHz accuracy)

• 34 Parameters (similar to spin-Hamiltonian parameter number…)  
40Sebastian Horvath et al. Phys. Rev. Lett. 123, 057401 (2019)



Extension to other ions:
Zeeman spectroscopy of Sm3+:Y2SiO5

N.L. Jobbitt et al. J. Phys. Condensed Matter 34:325502 (2022)



Er3+:YSO N.L. Jobbitt et al. Phys. Rev. B 104, 155121 (2021)

Site 1 ground state 
magnetic splitting

g value
max: 14

Site 1 Site 2 



Er3+:YSO Nick Jobbitt et al. Phys. Rev. B 104, 155121 (2021)

Note that 34 
parameters is  the 
same as the 
number of spin 
Hamiltonian 
parameters for 
Z1 and Y1.

g, A, Q tensors:
(6+6+5)*2



Er3+:Y2SiO5 predictions: Polarization Measurements
Polarization measurements for 1550 µm transitions
Y. Petit et al. Opt. Mater. X, 8, 100062 (2020) 
Blue: Eǁb → Magnetic dipole variation. 
Red: M‖b → Electric dipole variation. 



Er3+:Y2SiO5 Predictions: Polarization

Horvath et al.
This study

Hovarth thesis

Horvath thesis
This study

Petit et al.

Petit et al.

Site 1 – magnetic dipole

Site 2 – magnetic dipole

• We cannot (yet) calculate electric-dipole 
moments in low symmetry, but can 
calculate magnetic dipole moments 
(same matrix elements as Zeeman). 

• Our predictions for Site 1 have improved 
with more data. 

• Site 2 is still out of phase…
Calculation or measurement? 

• Interesting that all fits 
reproduce Zeeman splitting, 
but not dipole moments between states. 

Zeeman 
splitting

Transition 
dipole

Zeeman 
splitting



Hyperfine structure of Site 2 1.5μm transition:
7T along D1.  
Miloš Rančić et al.  Nat. Phys., 4, 50-54 (2018) 
Non-linear regime where spin-Hamiltonian approach 
breaks down.
Unlike Site 1, our Site 2 fit does not include Y1
hyperfine data – this is a prediction. 

1T

7T1TEr3+:Y2SiO5 predictions: high-field hyperfine



Other work by our group on Y2SiO5

Sagar Mothkuri et al. 
Phys. Rev. B, 103, 104109 (2021)

Yashar Alizadeh et al. 
Opt. Mater., 117, 111114 (2021) 

Yashar Alizadeh et al. 
J. Lumin., 234, 117959 (2021)

Ce3+:Y2SiO5 Nd3+:Y2SiO5 Ho3+:Y2SiO5
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The Journal of Physical Chemistry A, 2014, 118.

Chang-Kui Duan  Jiajia Cai      Jun Wen



Ce3+ in X2-YSO
郝锐杰 (Ruijie HAO), 景伟国 (Weiguo JING)*

Chang-Kui Duan
USTC, Hefei, China



K=2 Spherical Harmonics - Potential

C2
0(r) ∼ 3z2 – r2 ∼ 3cos2θ - 1,  etc. 

C2
0(r) C2

1(r) - C2
-1(r) C2

2(r) + C2
-2(r)

+

-

+

Potential acts on 4f orbitals:



Fitted and ab-initio parameters for the k=2 part of the 
crystal-field potential (Er3+:YSO, site 1).

Parameter fit Ab-initio calculation

C2
0(r) C2

1(r) - C2
-1(r) C2

2(r) + C2
-2(r)

𝐻𝐻𝐶𝐶𝐶𝐶 = �
𝑘𝑘,𝑞𝑞

𝐵𝐵𝑞𝑞𝑘𝑘𝐶𝐶𝑞𝑞
(𝑘𝑘)

Ab-initio calculation for Ce3+

B20 =   -1162;
B21 =    362-198i;
B22 =    129+76i;

Parameter fit for Er3+

B20 =  -479.6
B21 =   471.4+143.8i
B22 =   125.5-2.0i



Fitted and ab-initio parameters for the k=2 part of the 
crystal-field potential (Er3+:YSO, site 2).

Parameter fit Ab-initio calculation

C2
0(r) C2

1(r) - C2
-1(r) C2

2(r) + C2
-2(r)

𝐻𝐻𝐶𝐶𝐶𝐶 = �
𝑘𝑘,𝑞𝑞

𝐵𝐵𝑞𝑞𝑘𝑘𝐶𝐶𝑞𝑞
(𝑘𝑘)

Ab-initio calculation for Ce3+

B20 =   925;
B21 =  -30-219i
B22 =  -496+46i

Parameter fit for Er3+

B20 =   389
B21 =  -325.7-95.8i
B22 =  -368.5+53.7i



Fitted and ab-initio parameters for the k=2,4,6 
parts of the  crystal-field potential (Er3+:YSO, site 1).

Parameter fit

Ab-initio

k=2 k=4 k=6



Fitted and ab-initio parameters for the k=2,4,6 part 
of the crystal-field potential (Er3+:YSO, site 2).

Parameter fit

Ab-initio

k=2 k=4 k=6



In Progress: Micro and nanocrystal Y2SiO5
• Basic laser spectroscopy of some ions, such as Ho3+ and Eu3+ are 

difficult at low concentrations. 
• We can now make micro/nano crystals with higher concentration to 

do the preliminary work.  
• Nano-crystals may also be useful for cavity enhancement. 
• Lily Williams, Jamin Martin

YSO:Eu site selective emission



In Progress: Prediction of the hyperfine structure of 151Eu3+:Y2SiO5
The Sm3+:Y2SiO5 parameters are scaled and fitted to predict the 
hyperfine structure of the 7F0 ground state of Eu3+:Y2SiO5 (Site 1)

Spin Hamiltonian: 

Contributions from
1. Electronic effects due to mixing of 7F2 with 7F0 by crystal field. 
2. Direct interaction of lattice and magnetic field with nucleus.
See:  Smith et al, Complete crystal-field calculation of Zeeman hyperfine splittings in europium. 
Phys. Rev. B 105: 125141

7F2

7F1

7F0

Crystal-field 
mixing

Crystal-field 
and magnetic 

splitting

Electron-nuclear 
interactions Direct interaction of 

lattice and magnetic field 
with nucleus

I= 5/2



In Progress: Predictions of the hyperfine structure of 151Eu3+:Y2SiO5
The Sm3+:Y2SiO5 parameters were scaled to predict the hyperfine 
structure of the 7F0 ground state of Eu3+:Y2SiO5 (Site 1)

The experiment and prediction are for a magnetic field in the particula  
direction that gives the ZEFOZ point used in Zhong et al. Nature paper 
demonstrating six-hour coherence.   

Contributions from: 
1. Electronic effects due to mixing of 7F2 with 7F0 by crystal field. 
2. Direct interaction of lattice and magnetic field with nucleus.

Experiment

Prediction

Nuclear spin: I=5/2



Conclusions
• Crystal-field modelling for several rare-earth ions: Ce3+, Nd3+, Sm3+, Ho3+, Er3+ in Y2SiO5 (YSO).
• Other groups include Yb3+: Zhou et al. Inorganic Chemistry 59:13144 (2020).
• Due to the C1 symmetry, directional magnetic data is required to determine unique sets of 

parameters. [May still not be unique!]
• Parameters can be scaled between ions.  
• Prediction of polarization and high-field hyperfine structure for Er3+:Y2SiO5.
• In progress: 

• Comparison with ab-initio calculations.
• Micro and nanocrystals. 
• Prediction of magnetic-hyperfine structure for Eu3+:Y2SiO5.
• Work on other ions. 



Tutorials on Electronic Structure
www2.phys.canterbury.ac.nz/~mfr24/  
Google: Mike Reid, Personal Home Page Canterbury
mike.reid@canterbury.ac.nz

mailto:mike.reid@canterbury.ac.nz
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