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Abstract
Current theoretical understanding of electronic structure and spectroscopy of
rare-earth ions in a condensed-matter environment is reviewed. The development of the crystal-field effective Hamiltonian for the 4fn configuration, and its
extension to the 4fn−1 5d configuration, is discussed. The addition of hyperfine
and magnetic interactions is reviewed, and the use of magnetic-splitting data
to improve crystal-field fitting is discussed. The development of the modeling
of transition intensities, both for transitions between crystal-field levels, and
transitions between J multiplets, is reviewed. The superposition model is presented as an analysis technique for both crystal-field and transition-intensity
parametrizations. Developments in ab-initio calculations, and their possible
impact on the field, are discussed.
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1. Introduction
This Chapter gives a perspective on current understanding of electronic energy levels and transition intensities of rare-earth ions, in a condensed matter
environment, either solid state or solution. The intention is not to give a detailed
history, but to put current understanding into a somewhat historical perspective. This perspective is shaped by my participation in the field from the late
1970s. My description of earlier times is based on what I found important to
my understanding and on personal interactions with many of the key people
mentioned in this Chapter.
The theoretical techniques that matured during the 1960s, and were refined
in subsequent decades, were important in the development of laser, phosphor,
and scintillator materials that are currently ubiquitous, and one might speculate that modern developments will be important for new applications such as
quantum information and bio-imaging.
There are many reviews of different aspects of the theory of rare-earth spectroscopy, including a number of articles in this Handbook [1, 2, 3], and it is not
the intention of this article to cover all of the details.
Early work on crystal-field theory, beginning with Bethe’s 1929 article [4],
assumed that the effect of the crystal was due to electrostatic interactions.
Though this assumption was later shown to be highly inaccurate, this work was
notable in establishing the importance of the application of point group theory
in spectroscopy, allowing the analysis of complex spectra. The 1940s and 1950s
saw steady development of theory, with applications not only to optical and
magnetic susceptibility data, but also magnetic resonance [5].
A key factor that drove the development of the “standard model” of crystalfield theory for the 4fn configuration was high-quality optical spectral data,
from laboratories such as Dieke’s [6]. This data provided enough spectroscopic
information to make accurate calculations both possible and worthwhile. At the
same time, developments in computer technology made calculations requiring
the diagonalization of large matrices tractable.
The theoretical developments led to two key advances:
1. A Hamiltonian that allowed accurate explanations of energy levels.
2. A transition-intensity model that was also crucial to optical applications
development.
This Chapter will review those models, and discuss some recent advances in
parametrization techniques and ab-initio calculations.
2. Energy Levels
The “crystal-field” model is often misunderstood. It’s early origins in calculations that treated crystals as an array of point charges has obscured the
generality of the method. We have come to understand the crystal-field model
as a particular case of an “effective Hamiltonian”. Effective Hamiltonians and
effective operators are defined within a model space M. For our purposes the
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model space will often be the 4fn configuration, sometimes supplemented by the
4fn−1 5d configuration.
Suppose that the eigenvalue equation for the full Hamiltonian H is given by:
H|ai = Ea |ai.

(1)

The aim is to define an effective Hamiltonian Heff that gives identical eigenvalues
Ea for model-space eigenstates |a0 i, i.e.
Heff |a0 i = Ea |a0 i.

(2)

The spin Hamiltonians used in EPR analyses [5] are examples of effective Hamiltonians. In the simplest spin-Hamiltonian case, any doublet can be treated as if
it has a spin of 1/2. Clearly, in that case the “effective spin” quantum numbers
are not the physical quantum numbers of the electrons, though they can be
related (see Sections 2.3, 2.4).
An effective Hamiltonian may be related to the full Hamiltonian by a linearalgebra transformation between the full space and model space. Effective operators (such as an effective dipole moment operator — see Section 3.2) may also
be defined. For further details see Appendix A of Ref. [7].
2.1. Free Ion and “Crystal-Field” interactions
The effective Hamiltonian acting within the 4fn configuration is commonly
written [8]:
X
Heff = Eavg +
F k fk + ζf Aso + αL(L + 1) + βG(G2 ) + γG(R7 )
k=2,4,6

+

X

i=2,3,4,6,7,8

T i ti +

X

M h mh +

h=0,2,4

X

k=2,4,6

P k pk +

X

Bqk Cq(k) .(3)

k=2,4,6

Eavg is the energy difference between the ground-state energy and the configuration center of gravity (barycenter) and is included to allow the ground-state
energy to be set to zero. The Coulomb interaction between the 4f electrons is
parametrized by the radial electrostatic integrals, F k , which multiply the angular part of the electrostatic interaction, fk . The coupling of the electron spin
magnetic moment and the magnetic field originating in the orbital motion of the
electron is represented by the spin-orbit coupling constant, ζf , which multiplies
the angular part of the spin-orbit interaction, Aso .
Higher-order terms in the Hamiltonian include two-electron Coulomb correlation contributions represented by parameters α, β, and γ and three-electron
Coulomb correlation contributions are parametrized by the Ti . The M h and P k
parametrize higher-order spin-dependent effects. Though their effects are subtle, the introduction of these parameters was essential. Without the two- and
three-body correlation effects and higher-order magnetic effects, errors in the
treatment of the free-ion part of the Hamiltonian make it impossible to fit the
crystal field accurately. In complex systems the J multiplets can even be in the
5

wrong order [9]. Judd’s analysis of the three-body operators [10] showed that
some of the parameters could be eliminated, since they would only have contributions at third order in perturbation theory. This reduction in the number of
parameters was crucial in making parameter fits tractable.
The terms in the Hamiltonian that represent the non-spherical part of the
interaction with the crystal are modeled using the so-called crystal-field Hamiltonian. It is important to recognize that this Hamiltonian is not restricted to
electrostatic effects, which are only a fraction of the total crystal-field effect
[11]. When the parameters are fitted to experimental energies, their values reflect all one-electron non-spherical interactions. The crystal-field Hamiltonian
is expressed in Wybourne [12] notation as
X
Hcf =
Bqk Cq(k) ,
(4)
k,q

where the Bqk parameters define the one-electron crystal-field interaction and
(k)

the Cq are spherical tensor operators for the 4fn configuration. For fn configurations, k = 2, 4, 6, and non-zero values of q depend upon the site symmetry
of the rare-earth ion in the host lattice. The total number of crystal field parameters ranges from 27 parameters for C1 or Ci symmetry, down to only two
parameters for octahedral or cubic symmetry.
Most calculations use basis vectors of the form |αSLJM i, where the last four
labels are the total spin angular momentum, total orbital angular momentum,
total angular momentum, and the projection of the total angular momentum
along the quantization axis. The label α distinguishes basis states with the
same SL quantum numbers. These extra labels are defined by the group theory
developed by Racah, and the calculation of matrix elements make use of these
powerful techniques. See, for example, Refs. [13, 12].
The Hamiltonian parameters may be fitted to the energies of the sharp
transitions within the 4fn configuration, e.g. see Ref. [8, 1, 7]. The largest
splittings are caused by the Coulomb interaction, which splits the configuration
into SL terms separated by the order of 104 cm−1 . The spin-orbit interaction
splits these terms into SLJ multiplets separated by the order of 103 cm−1 and
mixes states with different S and L quantum numbers. Finally, the crystal-field
interaction splits the multiplets in to mixtures of the |αSLJM i basis states,
split by order of 102 cm−1 .
The crystal-field parameters vary between crystals, since they depend on the
site symmetry and the nature of other ions in the crystal. However, the free-ion
interactions, and therefore the positions of the multiplets, are almost independent of the crystal. Since the crystal field generally splits the J multiplets by
less than their separation, it is useful to construct, a “Dieke” or “Dieke-Carnall”
diagram for the entire series of trivalent ions to give an overview of the energylevels of the 4fn configuration (Fig. 1). Studies such the exhaustive analysis of
rare-earth ions in LaF3 by Carnall and co-workers [8] shows that both free-ion
and crystal-field parameters have systematic trends across the series.

6

Figure 1: Dieke diagram for trivalent rare-earth ions in LaF3 , after [8, 7]. The configurations
range from 4f1 (Ce3+ ) to 4f13 (Yb3+ ). The lines indicate the energies of the multiplets, with
the widths of the lines representing the crystal-field splittings of the multiplets.
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2.2. The 4fn−1 5d configuration
The crystal-field model for the 4fn−1 configuration may be extended in a
straight-forward way to the higher-energy 4fn−1 5d configuration. Early calculations [14] for this configuration date back to the 1960’s, on divalent ions, where
the 4fn−1 5d configuration has lower energy than in trivalent ions. However, it
was the availability of vacuum ultraviolet synchrotron sources, and the investigation of wide band-gap materials such as fluorides, that generated enough data
to make detailed analysis across the series possible [15, 16].
For the 4fn−1 5d configuration we must add 5d spin-orbit and crystal-field
parameters, the direct (F ) and exchange (G) Coulomb interaction between the
f and d electrons, and a parameter ∆E (fd) representing the average energy
difference between the configurations. The additional terms are [3]:
X
X
Hd = ∆E (fd) +
F k (fd)fk (fd) +
Gk (fd)gk (fd) + ζd Aso (d)
k=2,4

+

X

k=1,3,5

Bqk (d)Cq(k) (d).

(5)

k=2,4,

Transitions between the 4f n and 4f n−1 5d configurations are vibronically
broadened, so detailed fitting is not possible, and a mixture of atomic calculations and fitting “by eye” has been used in most cases [3].
Since the 5d orbitals are much more extensive radially than the 4f they
interact more strongly with the ligands, and the crystal-field parameters are
generally about 40 times larger. Whereas for 4f n the crystal-field is a small
perturbation, for 4f n−1 5d it is comparable with the Coulomb interaction, and
dominates the spectra.
2.3. Hyperfine Calculations
Hyperfine interactions between the electronic and nuclear states give small
splittings which generally require high-resolution techniques to measure. Analysis is typically done with spin Hamiltonians, as in EPR analyses [5, 17]. However,
tensor-operator techniques may be used to derive additions to the Hamiltonian
that may be simply applied to all transitions. See, for example, [18, 19, 20, 21].
This approach has the advantage that it is not necessary to fit spin-Hamiltonian
parameters for each electronic level separately. If spin-Hamiltonian parameters
are required, they may be derived from the crystal-field calculation.
2.4. Magnetic fields and a solution to the low-symmetry problem
The effects of magnetic fields are an important diagnostic tool, and, along
with hyperfine interactions, crucial to applications such as quantum information
[22, 23].
Early optical work concentrated on the magnetic-splitting g values along
particular directions. In high-symmetry crystals measurements along one or
two directions, typically parallel and perpendicular to the symmetry axis, are
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enough to completely determine the magnetic response. However, in low symmetries this is not the case. High-resolution laser experiments may be used to
generate rotation curves for the magnetic splittings, and hence determine the
g tensors describing the magnetic properties of the ground and excited states
[17], analogous to EPR analyses [5].
The fitting of crystal-field parameters to systems with low site symmetries is
a difficult problem. In the complete absence of symmetry there are 27 crystalfield parameters (including real and imaginary parts), and it is not possible to
determine them from energy-level data alone. Not only do rotations of the axes
lead to the same energy levels [24], but the energy-levels are often not sensitive
to the phases of off-diagonal matrix elements. For this reason, many crystal-field
analyses use a higher symmetry than the actual site symmetry. For example,
for LaF3 it is usual to restrict the parameters to be real [8], equivalent to using
C2v , rather than the actual C2 , symmetry.
Recent work by Horvath and co-workers [25, 26] has demonstrated a way
forward. By adding magnetic splitting data to the fitting process, it is possible
to determine parameters even in such low-symmetry crystals such as yttrium
orthosilicate (YSO), which is an important material for quantum-information
applications [22, 23]. What makes this approach tractable is that the magnetic
splitting data for each electronic level contains significant geometric data. In
low symmetries each g tensor has six independent components [5]. Adding this
magnetic splitting data for several electronic states can give enough information
to uniquely determine the crystal-field parameters.
2.5. Extending and simplifying the analysis
There are many interesting effects and analyses that we do not have space
to cover here. For example, in the late 1960s it became clear that correlation effects could give rise to two-body crystal-field interactions, which give additional
parameters [27, 28, 29], and additional insight into electronic structure.
In some cases simple models can be extremely powerful. In the early 2000’s
Dorenbos realised that it was possible to develop parametrizations for key energies, such as the lowest energy of the 4fn−1 5d configuration [30, 31]. These
analyses are possible because the free-ion parameters are almost independent of
the host, and the crystal-field and free-ion parameters have predictable trends
across the series (with the 5d parameters varying much less than 4f). Consequently, from measurements for one ion, it is possible to predict the values for
other ions.
3. Transition intensities
In 1962 Judd [13] and Ofelt [32] published detailed analyses of transition
probabilities within the 4fn configuration. The first applications were to total
intensities of transitions between J multiplets. However, J. D. Axe [33] examined transitions between crystal-field levels soon after, and also did the first
calculations for two-photon processes [34]. In the absence of an odd-parity interaction with the crystal, electric-dipole transitions within the 4fn configuration
9

are forbidden. Early work considered only the mixing of atomic configurations
by the crystal field but subsequent work, summarized in Ref. [35], indicated
that excitations involving ligand states (dynamic polarization and charge transfer) were also important. Over the following decades, significant progress was
made in both phenomenological modelling, and the understanding the underlying mechanisms, for both one-photon [2, 36, 37, 38] and two-photon transitions
[39, 40]. Here we provide a brief overview. Further details may be found in Ref.
[37, 38].
Spectroscopic experiments measure observables such as oscillator strengths,
absorption cross sections, branching ratios, and radiative lifetimes. These observables may, in principle, be calculated from squares of matrix elements of
electric-dipole, magnetic-dipole, and higher-order operators. A comprehensive
discussion of these basic principles may be found in Ref. [41, 42, 43, 38].
The electric dipole operator is
− eDq(1) = −erCq(1) ,

(6)

and the magnetic dipole operator
Mq(1) =


−e~  (1)
Lq + 2Sq(1) .
2mc

(1)

(7)

In these equations Cq is a spherical tensor operator and r is the distance
from the origin. The other operators and physical constants have their usual
meanings. We consider only electric dipole and magnetic dipole transitions in
what follows. Electric quadrupole contributions to the transition intensities are
also possible [44] but are usually too small to be significant.
For linearly polarized light there is no interference between electric dipole
and magnetic dipole moments, so the observables may be evaluated by adding
the contributions fro m electric and magnetic dipole strengths. However, for
circularly polarized light interference is possible, leading to circular dichroism
and circularly polarized luminescence [45, 38, 46].
Derivations of the selection rules for optical transitions may be found in
many references [12, 47, 42, 43, 48, 2]. For a recent discussion see [38].
The initial and final states need not be pure electronic states, but may be
combinations of electronic and vibrational (vibronic) states. If the vibrational
part of the wavefunction does not change during the transition then it may be
ignored. However, if it does change then it is necessary to use wavefunctions
that include both electronic and vibrational parts.
There are two particular cases of interest. The first case applies to transitions
within the 4f n configuration. In this case the coupling to the lattice is almost
identical for the initial and final states. As a result, vibronic transitions are
weak, and generally only become important for centrosymmetric systems, where
purely electronic electric-dipole transitions are forbidden. The other case applies
to transitions between the 4f n configuration and the 4f n−1 5d configuration or
charge-transfer states. In this case the coupling to the lattice is very different
for the initial and final states and transitions may involve a change of several
10

quanta of vibration. For details the reader is referred to Section 2.2.3 of Ref.
[38] and other references, such as [49, 50].
3.1. Allowed electric- and magnetic-dipole transitions
Magnetic-dipole (MD) transitions within the 4fn configuration and electricdipole (ED) transitions between the 4fn and 4fn−1 5d configurations are allowed
by parity selection rules [38], so it is relatively straightforward to calculate the
intensities. As discussed above, for transitions between the 4fn and 4fn−1 5d
configurations there is considerable vibronic broadening. In many cases it is
adequate to represent this by a Gaussian function, though more sophisticated
approaches are also possible [49, 50].
3.2. One photon transitions within the 4fn configuration
As in the case of energy-level calculations, most analyses of ED transitions
within the 4fn configuration rely on parametrization schemes, making use of
effective operators and perturbation theory. Here we will concentrate on some
key issues. The reader is referred to Refs. [37, 38], and references therein, for
further details.
The electric-dipole moment vanishes between pure 4fn states, so instead
(1)
of the dipole moment operator Dq an effective dipole moment operator is
required. This may be derived from a perturbation expansion for a general
effective operator:
Deff,q = Dq(1) + Dq(1)

X |βihβ|V

β ∈M
/ E0 −

(0)
Eβ

+

X V |βihβ|

(0)

β ∈M
/ E0 − E β

Dq(1) + . . .

(8)

In this equation the |βi are excited states on the rare-earth or ligand. This
operator is evaluated within the 4fn model space (M). In this case, the first(1)
order term, Dq , vanishes because this odd-parity operator cannot connect
states of the same parity.
As discussed in Appendix A of Ref. [7], and Ref. [51], the denominators in
the two summations in equation (8) are equal term by term and the effective
operator is Hermitian. Time-reversal and Hermiticity symmetry restricts the
one-electron phenomenological crystal field to even-rank operators (see, for example, Chapter 1 of [7] and Ref. [52]). The same argument may be applied
to the effective dipole-moment operator, so only even-rank operators are required to parametrize the one-electron, spin-independent, part of the effective
dipole-moment operator. Since they are one-electron operators for the 4fn configuration, with l = 3 the rank of the effective operators is restricted to be less
than or equal to 6.
3.3. Transitions between crystal-field levels
Judd [13] and Ofelt [32] derived parametrizations based on the perturbationtheory expansion (8). An adaption of their parametrization by Reid and Richardson [53, 54] is now in common use. The effective electric dipole moment operator
11

is written as
Deff,q =

X

(λ)

Aλtp Up+q (−1)q hλ(p + q), 1 −q|tpi,

(9)

λ,t,p

with λ = 2, 4, 6, t = λ − 1, λ, λ + 1 and p restricted by the site symmetry.
In this expression, t and p are the angular-momentum labels for the odd-parity
potential felt by the rare-earth ion, q is the polarization of the light, and λ and
p + q are the angular-momentum labels for the operator that acts on the 4f
electrons. Under the superposition approximation (Section 4), which is implicit
in the point-charge potentials considered by Judd and Ofelt, parameters with
t = λ are zero.
Equation (8) indicates that the effective dipole moment arises from coupling
(1)
the dipole moment operator Dq with the perturbation operator V . Since the
perturbation is a scalar of the site symmetry, the Aλtp are non-zero only if |tpi (or
linear combinations of |tpi) transforms as the identity irreducible representation
of the site symmetry group. Equation (9) emphasizes the coupling between the
perturbation (transforming as |tpi), and the dipole moment operator (transforming as 1q) to give an effective operator (transforming as |λ(p + q)i).
3.4. Transitions between J multiplets
The vast majority of transition-intensity analyses are for measurements of
total J-multiplet to J-multiplet transitions, at room temperature, and often in
solutions. Judd [13] showed that in these cases the intensities may be fitted
to a three-parameter linear model, which is straight-forward to apply. The
standard parameters are now labeled Ωλ , with λ = 2, 4, 6 [35, 2]. Consider
transitions from an initial multiplet |αI JI i to a final multiplet |αF JF i. If all
components of the initial multiplet are assumed to be equally populated (a
good approximation at room temperature) then it is possible to average over all
polarizations, sum the dipole strength over the M components of the multiplets,
and use the orthogonality of 3j symbols to derive an expression for the dipole
strength proportional to
X
Ωλ hαF JF kU(λ) kαI JI i2 ,
(10)
λ

with
Ωλ =

X
t,p

1
Aλ
2λ + 1 tp

2

.

(11)

Note that the reduced matrix elements in equation (10) are “intermediatecoupled”, i.e. the eigenvectors of the free-ion Hamiltonian have been calculated
and the matrix elements are taken between these eigenvectors.
The parametrization (10) has the virtue of being linear in the Ωλ parameters
which makes fitting to experimental data straightforward, and thousands of
papers have used this parametrization. In forming the sum and reducing the
parametrization to just three parameters a considerable amount of information is
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lost, since each Ωλ parameter is a combination of Aλtp parameters with t = λ−1,
λ, λ + 1 and vibronic intensity is absorbed into the Ωλ parametrization. Thus
these parameters are not ideal for tests of models, or ab-initio calculations.
Also, the assumption that the states of the initial multiplet are evenly populated
may not be accurate in some cases. Nevertheless, the relative simplicity of the
measurements and calculations have permitted extremely useful analyses of huge
amounts of experimental data.
The multiplet-multiplet parametrization can give important input to materials engineering. Many applications require particular transitions to be strong or
weak, and Judd’s parametrization can often be used to evaluate the feasibility
of such manipulations. For example, from Table 1 of Ref. [55] we can conclude
that in Pr3+ transitions from the 1 G4 multiplet to the 3 H4 multiplet will always
be weaker than transitions to 3 H5 and 3 H6 in any material.
3.5. Other processes
The theory discussed above may be extended to other processes, such as twophoton absorption and Raman scattering [56, 39, 57]. Non-radiative excitation
and energy transfer processes may also be modeled [7].
4. The superposition model
The superposition model, developed by Newman and co-workers in the late
60s [52, 58, 59], is an important framework for understanding both crystalfield and intensity parameters. The idea is to use the approximation that the
contributions to the effective potential from different ligands is superposable
(obviously for an electrostatic potential this is exact). If we had only one ligand
on the Z axis at distance R0 only crystal-field parameters with q = 0 would be
non-zero, due to the cylindrical symmetry. We define the intrinsic parameters,
(k)
B̄k (R0 ) as those B0 parameters for this single ligand. Adding together the
effects of all the ligands yields
Bqk =

X

(k)

B̄k (R0 )(−1)q C−q (θL , φL )

L

(k)



R0
RL

 tk

.

(12)

Here (−1)q C−q (θL , φL ) is required to take into account the effect of rotating
a ligand from the Z axis to orientation (θL , φL ). This angular term has the
t
same form as in a point-charge model. The term (R0 /RL ) k , which takes into
account the variation of the interactions with distance, would be the same as
for a point-charge potential if we chose tk = k + 1. However, analyses of experimental crystal-field parameters suggest that the power law is generally higher
than electrostatic power laws. This is because the quantum-mechanical effects
that give rise to the majority of the “crystal field” involves overlap of ligand
orbitals, which fall off faster than electrostatic potentials. An important feature
of the superposition model is that by reducing the parametrization to single ligands it is possible to compare crystal-field interactions between sites of different
13

symmetry. For detailed discussion of such applications see the papers and book
by Newman and co-workers [52, 58, 59].
The superposition model may also be applied to intensity parameters [60, 61].
Under the superposition approximation the Aλtp intensity parameters with t = λ
are zero. In crystals with simple ionic ligands these parameters appear to be
small but in some systems, particularly those with polarizable bonds close to
the rare-earth ion, the superposition model breaks down [62], and parameters
with t = λ are required to fit the data. The relative signs of fitted intensity
parameters give important information. We have suggested that these signs give
restrictions on the possible mechanisms contributing to the transition intensities
[63]. For further details the reader is referred to Refs. [37, 38].
5. Ab-initio calculations
Atomic ab-initio calculations can now give a very accurate description of the
free-ion energy levels and parameters [64, 65]. However, the vast majority of
energy-level and transition-intensity calculations for 4fn configurations of rareearth ions in solids or solutions make use of the parametrized “crystal-field”
Hamiltonian, and it is common to invoke a point-charge model when attempting
to rationalize the crystal-field parameters. However, even in the early 60s [66]
it was clear that quantum-mechanical effects were important.
Newman and co-workers performed a number of calculations of increasing
sophistication in the 60s, 70s, and 80s [67, 68, 69]. Those calculations used
specialized computer code. However, advances in quantum-chemistry packages
have made good-quality calculations practical with standard codes. An extensive set of calculations by Ogasawara and co-workers is described in Ref. [70].
Recent calculations by Seijo, Barandiarán, and coworkers (see Chapter 285 of
this volume) give excellent agreement with experiment. See, for example, their
calculations for SrCl2 :Yb2+ in Ref. [71, 72].
These ab-initio calculations give energy levels, not parameters. This limits
their usefulness. Energy levels are restricted to a single ion, whereas parameters can be interpolated and extrapolated to other ions, and used for further
calculations or analysis. Though it is possible to fit the effective Hamiltonian
parameters to calculated energy levels, as in [65, 73], it is desirable to have a
more robust method.
We have shown that that it is possible to construct an effective Hamiltonian
matrix from ab initio calculations [74, 75, 76], and hence determine crystal-field
and other parameters by a straightforward projection technique. The crystalfield parameters obtained by this method with modern quantum-chemical codes
are quite accurate. We give an example of a calculation for Ce3+ in LiYF4 in
Table 1. Recently this method has been used to calculate parameters for a
variety of Ce3+ systems [77], notably YSO [78], where excellent agreement with
EPR data is obtained despite the complete lack of site symmetry.
Ce3+ systems have only one valence electron. It is possible to use known
trends across the rare-earth series to estimate parameters for other ions, but
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Table 1: Crystal-field parameters for the 4f1 and 5d1 configurations of Ce3+ in LiYF4 . Units
are cm−1 . From Ref. [77]. Note that the experimental fit approximated the actual symmetry
by choosing all parameters to be real.

Parameter
B02 (4f)
B04 (4f)
B44 (4f)
B06 (4f)
B46 (4f)
B02 (5d)
B04 (5d)
B44 (5d)

Experiment
481
−1150
−1228
−89
−1213
4673
−18649
−23871

Theory
310
−1104
−1418
−70
−1140 + 237i
4312
−18862
−23871

detailed comparisons for complex systems may give important insights. For
systems with more than one valence electron it is not straightforward to apply
the projection method to transform from the eigenstates of the ab-initio calculations to a crystal-field basis. We anticipate that these technical problems will
be solved in the near future. In the meantime, parameters may be obtained by
fitting the ab-initio energies to a crystal-field model [73].
6. Conclusions
The crystal-field and transition-intensity models described in this Chapter
were the result of decades of development, drawing on a variety of theoretical techniques, including group theory, atomic structure theory, and quantum
chemistry. Extensive experimental data was required to determine the parameters in the models. Advances in technology have been important to this effort,
with conventional spectroscopy and EPR spectroscopy supplemented by laser
and synchrotron spectroscopy.
Crystal-field and transition-intensity models have been crucial to the understanding and application of optical properties of rare-earth ions. The applications are numerous and we have only been able to hint at the usefulness of the
models in optical engineering.
There are two recent developments that we would like to emphasize. One is
the use of magnetic-splitting data to supplement optical data as input to crystalfield fits. Low-symmetry systems such as YSO, doped with rare-earths, have
potential as components of quantum-information devices, and good crystal-field
modeling will aid the analysis required for optimization. The other development
is the advances in ab-initio techniques. Accurate ab-initio calculations are now
possible, though far from routine, and it is possible to use these calculations to
predict positions and intensities of transitions. This has obvious potential for
design of materials for phosphor and other applications.
For many decades, the richness of rare-earth spectra have offered the tantalizing possibility of deriving local structure from spectra. Current developments
15

in modeling and ab-initio calculations are close making this dream a reality.
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